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ABSTRACT 
In this paper, we consider the boundary M of a weakly pseudoconvex domain in a Stein manifold. 
We point out a striking difference between the local cohomology and the global cohomology of A4, 
and illustrate this with an example. We also discuss the first and second Cousin problems, and the 
strong Poincare problem for CR meromorphic functions on the weakly pseudoconvex boundary AL 
Throughout this paper we shall be considering the following situation: Let X be 
a Stein manifold of complex dimension n + 1, with y1 2 1. Let fl be a relatively 
compact connected domain in X, with a smooth (Coo) weakly pseudoconvex 
boundary M. Such an M is then a connected smooth CR manifold of type (n, l), 
and we shall refer to it as being a weaklypseudoconvex boundary. 
It is possible to define the tangential CR cohomology groups on M, both for 
smooth tangential forms, and for currents, see [AHl], [AH2], [NV]. In a vastly 
more general situation than for weakly pseudoconvex boundaries, it was shown 
in [BHN] that these cohomology groups are either zero, or else must be infinite 
dimensional. We discuss below which of these two situations arises for the 
special situation of the M under consideration here. 
In this paper, we point out a striking difference between the local cohomol- 
ogy and the global cohomology of M, and illustrate this with an example. We 
also discuss the first and second Cousin problems, and the strong Poincare 
problem for CR meromorphic functions on the weakly pseudoconvex bound- 
ary M. 
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$1 LOCAL BOUNDARY COHOMOLOGY 
Let U be an open set on the boundary M. We denote by HJ’j( U) the j-th coho- 
mology group of the tangential Cauchy-Riemann operator a~ acting on 
smooth tangential forms of type (p, *) in U, and we denote by Hf;i( U) the 
analogous cohomology groups of 8M acting on currents of type (p, *) in U. 
HereOIpIn+landO<j<n. 
Let x0 be a point on M. We consider the localizations, at ~0, of these coho- 
mology groups: HJ’“({xo}) = lim H”“(U), H$({xo}) = lim Hf’;j,( U). 
U3.Q U3XO 
Theorem 1. Let x0 be a point in Mat which the Leviform of M has mpositive, and 
4 zero eigenvalues, with m + e = n. Then for allp with 0 < p < n + 1, we have: 
(i) HJ’;‘({xo}) = H$({xo}) = Ofor C <j < m; 
(ii) HJ’~“({x~}), H:‘Ipy({xo}), Hp~“({xg}) and Hf;y({xo}) are injinite dimen- 
sional, and the natural map 
Hp~“({xo>)~H~~~({xo}) 
has in$nite dimensional image. 
The vanishing results in (i) were proved for the cohomology for smooth forms 
in [AH2], and these results were extended to the cohomology for currents in 
[NV]. In fact in [AH21 and [NV] more general results were obtained, which al- 
low also some negative eigenvalues; but here we have stated only the special 
case which pertains to weakly pseudoconvex hypersurfaces. 
Statement (ii) is obvious when m = 0 because OX0 is infinite dimensional. 
When m = n = 1, it is equivalent to the classical non solvability result of Lewy 
[L]. For m = n 2 1, it was proved in [AH21 for the smooth case, using a geo- 
metrical argument. A completely different proof, which also works in higher 
codimension, was given in [AFN]. There it was required that the Levi form of 
M at x0 be nondegenerate in some characteristic conormal direction. The latter 
argument was recently extended in [HN2] to allow some zero eigenvalues of the 
Levi form in the same characteristic conormal direction; the statement in (ii) is 
the special case which pertains to weakly pseudoconvex hypersurfaces. 
Interpretation of Theorem 1 
Let us interprete the results of Theorem 1 in terms of solvability or non solva- 
bility of the system of partial differential equations 
(S) dj@ =f 
where the unknown u is a form of type (p, j - l), and the right hand sidef is a 
form of type (p, j), satisfying the integrability conditions: 
(Cl &ff = 0. 
Note that the above system (S) consists of fi’) + (;) first order linear partial 
differential equations, with smooth variable coefficients and no zero order 
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terms, which are to be solved for .;I + ,rl unknowns U; and the given right 
ii ii hand sidef is required to satisfy “;I + ,J, similar compatibility conditions. 
Thus the system may be overdetermined, determined, or underdetermined, 
depending on the value ofj, 1 < j 5 ~1. 
1. Consider first HJ’lj({xs}) = 0: This means that given any open neighbor- 
hood U of x0 in M, and any smooth dM-closed (a, j)-form f in U, there exist an 
open neighborhood I+ of x0, with I$ c U, and a smooth (p, j - I)-form u in I” 
such that 8~~4 =f in Vf. In this situation, it follows via the Baire category 
theorem and the open mapping theorem, that I+ can be chosen independently 
off; i.e., given any open neighborhood U of xs in M, there exists an open 
neighborhood V of x0, with V c U, such that for any smooth dM-closed (p, j)- 
formf in U, there exists a smooth (p, j - 1)-form u in V such that EMU =f in V 
[HN2]. 
2. Consider next H$({xe}) = 0: The first part of the discussion is the same 
of as above, with smooth forms replaced by currents. However in this case the 
situation concerning the uniform choice of the neighborhood F’f is different. 
Namely, given any neighborhood U of x0 in M, and any integer k > 0, there 
exist an open neighborhood V of x0 in M, with V c U, and an integer rn > 0, 
such that for any BM-closed (p, j)-currentf of order k in U, there is a (p, j - l)- 
current u of order m in I’, such that 8~u =f in V in the sense of currents 
[HN2]. 
We can describe the situations 1. and 2. by saying that the Poincare lemma 
for 8M in degree (p, j) is valid at x0. 
3. The infinite dimensionality statements in (ii) give local non solvability re- 
sults, which are in the spirit of the scalar Lewy example [L], but which are now 
for overdetermined or underdetermined systems. In this situation we have the 
following interpretation: There exists a fundamental system {U} of open 
neighborhoods of x0 in M, and in each U there are infinitely many linearly in- 
dependent smooth 8M-closed forms f of type (p, m), such that there is no 
smaller open neighborhood of x0 in A4 in whichf can be written as the 3, of 
any current 24 of type (p, m - 1). 
We describe this situation by saying that the Poincare lemma for aM in degree 
(p, m) is not valid at x0. 
$2 GLOBAL BOUNDARY COHOMOLOGY 
Next we take U = M and consider the global tangential CR cohomology 
groups on M. 
Theorem 2. Assume that M is a weakly pseudoconvex boundary, as in the in- 
troduction. Then for allp with 0 5 p 5 n + 1 we have. 
(i) HpJ(A4) = H{;!(M) = Ofor 1 5 j 5 n - 1. 
(ii) HP;‘(M), H::(M), HJ’;n(M) and H::(M) are injinite dimensional. 
If n > 2, they have a Hausdorfvector space topology. 
This theorem is contained in [B]. Once again, when j = 0 the statement in (ii) is 
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trivial since X is Stein. When j = n the infinite dimensionality in (ii) is actually a 
consequence of the result in Theorem 1. In fact, in that case, it was shown in 
[HNl] that there must exist a point x0 on M at which the Levi form of A4 is 
positive definite. This gives the infinite dimensionality of the local cohomology 
at x0. However, when j = y1 we are at the end of the a, complex, so there is no 
compatibility condition to be satisfied by the right hand sidef of(S); hence the 
result globalizes. For the vanishing of the global cohomology in (i), the key re- 
sult proved in [B] was the vanishing of the Dolbeault cohomology on R with 
zero Cauchy data on M. The result then follows by some classical isomor- 
phisms [AHl]. 
It follows from Theorem 2 that if at a point x0 in M, there is a smooth form or 
current of some type (p, j) with 1 2 j < y1- 1, which is &-closed in some 
neighborhood of x0, such that one has local non solvability forf at x0, thenf 
has no dM-closed extension to all of M. 
Example. Let z = (zg,zi) be coordinates in C2, w = (WI,. . . , w,- 1) be co- 
ordinates in C” - ‘. Consider the egg in Cn+i defined by 
M2 + lz112 + IW112m +. . + IW*Jm < l}, 
for an integer m > 2. It has a weakly pseudoconvex boundary M. At each point 
x0 on M, there is some value of j with 1 5 j < IZ such that for all 0 6 p < n + 1, 
the Poincart lemma in degree (p, j) is not valid at x0. On the other hand, for any 
choice of (p, j), with 1 5 j 5 n, there exist points x0 on M at which the Poincare 
lemma in degree (p, j) fails. In fact, for r = 0, 1, . . . , y1- 1, let C, --r be the set of 
points on M at which exactly r components of w are zero. Then A4 = lJi= 1 Ck, 
and at each point x0 of &, the Levi form of M has k positive and y1- k zero 
eigenvalues. Hence the Poincare lemma fails at x0 in degree (p, k). 
Nonetheless, for all (p, j) with 0 5 p 5 n + 1 and 1 <j < IZ - 1 we have the 
global vanishing E’>‘(M) = H{;{(M) = 0. 
A similar situation prevails if we take instead 
n={(Zo,Z1,~.‘,Zn) cv+’ 1 lzolrnO + lZllrn’ + . . . + Iz,l”” < 1) ) 
with n > 1 and even integers mj > 4. 
$3 SHEAF COHOMOLOGY 
In this section we give some applications of the above results to sheaf coho- 
mology. 
Let OM denote the sheaf of germs of smooth CR functions on M and fl& 
denote the sheaf of germs of smooth CRp-forms on M, thus 0~ = a&. Like- 
wise we denote by 0& the sheaf of germs of CR distributions on M and by s2; 
the sheaf of germs of CRp-currents on M, so 0a = f$. 
Corollary 1. Assume that M is a weakly pseudoconvex boundary, as in the in- 
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troduction, and n > 1. Then for all p with 0 2 p 6. n + 1, the ?ech cohomology 
groups H1 (M, G?&) and H’(M, 05) vanish. 
We obtain the Corollary from Theorem 2 because, by the abstract de Rham 
theorem, the maps 
H’(M, fl&)-HPP’ (M) 
and 
are injective. 
The above result can be extended as follows: Let Zg denote the sheaf of germs 
of smooth dM-closed (p, j)-forms on A4 and let Z$& denote the sheaf of germs 
of dM-closed (p, j)-currents on M. 
Corollary 2. Assume that M is a weakly pseudoconvex boundary, that at each 
point the Leviform of A4 has at least mpositive eigenvalues, and that 2m > n. Then 
for all (p, j) with 0 2 p 5 n + 1 and 1 5 j < 2m - n the ?ech cohomology groups 
Hj(M, Zv-“) and Hj(M, .Zgci,“) vanish. 
This Corollary is also obtained by using the abstract de Rham theorem, be- 
cause according to Theorem 1, the Poincare lemma is valid at each point of M 
in degree (p, s) for n - m < s < m. Hence we have the isomorphisms 
Hj(M, - 
and therefore again the result follows by Theorem 2. 
$4 CR MEROMORPHIC FUNCTIONS AND DISTRIBUTIONS 
In order to consider CR meromorphic functions on M, we need to assume that 
the weak unique continuation principle is valid for CR functions on M. To this 
aim we shall assume that our weakly pseudoconvex boundary M is minimal at 
each point x0. By definition, minimality at x0 means that there does not exist 
any germ of a complex n-dimensional manifold lying on M and passing through 
x0. It was shown in [DH] that this is equivalent to the nonexistence of any germ 
of a complex n-dimensional variety lying on A4 and passing through x0. Ac- 
cording to [Tr], [Tu] the minimality condition at x0 implies that the germ of a 
CR function on A4 at xo has a local holomorphic extension to at least one side 
of M. In our situation the local holomorphic extension must be into 0, because 
M is weakly pseudoconvex. This yields the weak unique continuation property 
for CR functions on open subsets of M; i.e., if a CR function f vanishes on some 
open subset of M, then it vanishes throughout the connected component of its 
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domain of definition. These results are valid for CR distributionsf, as well as 
for smooth CR functions f on M. 
Because of the assumption that M is minimal at each point, we have the fol- 
lowing result [HN3] concerning the zero locus of CR functions: Letf,f f 0, be 
a continuous CR function in a connected open set U on M, and set 
Zf = {x E U If(x) = 0). Then Zf does not disconnect U. 
Let OM( U) denote the ring of smooth (C”) CR functions in a not necessarily 
connected open set U; OM( U) is an integral domain if U is connected. Let 
n(U) be the subset of OM( U) of divisors of zero; i.e., A(U) is the set of those 
CR functions on U which vanish on some open connected component of U. Let 
MM(U) be the quotient ring of OM( U) with respect to OM( U) \ A(U). This 
means that M&U) is the set of equivalence classes of pairs (f,g) with 
f E OM( U) and g E OM( U) \ A(U). The equivalence relation (‘f, g) - (f’, g ‘) 
is defined byfg’ =f’g. If I’ c U is an inclusion of open sets, the restriction map 
r: : OM( U) + OM( I’) sends C?M( U) \ A(U) into OM( I’) \ A(V) and thus in- 
duces a homomorphism of rings 
Y; : MM( U)--+MM( V) 
We obtain in this way a presheaf of rings. We shall call the corresponding sheaf 
MM the sheaf of germs of CR meromorphic functions on M, in the smooth cate- 
gory. By a CR meromorphic function on U we mean a continuous section of 
MM over U. In particular, MM(M) is a field since M is connected. 
Analogously we denote the CR distributions on U by 0L( U). Since M is 
minimal at each point, we can associate to each open set U in M a corres- 
ponding open set 0 in an, with 0 n M = U, such that each f E Oh(U) has a 
unique holomorphic extension T to the interior of 0, having the boundary 
value f on U, in the sense of distributions. Iff, g E c?d( U) then the product fg 
may not be defined in U as a distribution, but it makes sense as a ‘hyperfunc- 
tion’ in U, defined as the ‘boundary value’ off g. As before, let A’(U) be the 
subset of OL( U) consisting of those CR distributions in U which vanish on 
some open connected component of U. We define ML(U) as the equivalence 
class of pairs (f,g), with f E Oh(U) and g E (3h( U) \ A’(U), with the 
equivalence relation (fi , gi) - vz,gz) defined by fig2 =figi; or what is the 
same, by f,g, =f’,g,. To verify that this is an equivalence relation, the transi- 
tivity should be checked on the interior of fi within the field of ordinary mero- 
morphic functions. 
If I’ c U is an inclusion of open sets, the restriction map rg : Oh(U) 4 
SL( I’) sends c?b( U) \ A’(U) into OL( I’) \ A’(V) and thus induces a homo- 
morphism of Abelian groups 
r; : Mh( U)--+M&( V) 
We obtain in this way a presheaf of Abelian groups . We shall call the corres- 
ponding sheaf ML the sheaf of germs of CR meromorphic distributions on M. 
By a CR meromorphic distribution on U we mean a continuous section of ML 
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over U. Note that if F E Md( U), and F $0 on any connected component of 
U, then F has a multiplicative inverse FP1 in Mh( U). 
Because of the assumption that M is minimal at each point, we have the fol- 
lowing result [HN3] concerning CR meromorphic distributions: Let g, g f 0, 
be a continuous CR function in a connected open set U on M, and set 
2, = {x E U ( g(x) = O}. Let F be a continuous CR function defined in U \ 2,, 
which, locally in U, satisfies F = O(gPk) for some k 2 0. Then F can be re- 
garded as a CR meromorphic distribution in U, which is locally the quotient of 
two continuous CR functions. 
$5 THE FIRST BOUNDARY COUSIN PROBLEM 
We discuss the analogue on 1M of the first Cousin problem (Mittag-Leffler pro- 
blem). This means that we want to find a global CR meromorphic function on 
M which has prescribed ‘principal parts’. 
Theorem 3. Assume that M is a weaklypseudoconvex boundary, which is minimal 
at each point, and n > 1. Given an open covering { Uj} of M and principal parts 
Fj E Md uj) (req. Mj,,,( q)), satisfying Fi - Fj E OM( Ui n Uj) (resp. 
0a(Ui n q)) for all i, j, there exists F E MM(M) (resp. ML(M)) such that 
F - Fj E OM( LQ) (resp. c3h ( U,)) on uj. 
The argument is the standard one; namely setting Fi - 4 = h, E 
On,l( Ui f’ Uj), we have the cocycle condition h, + hjk + hki = 0 in Ui n Uj n Uk, 
so {hg} represents an element in the first tech cohomology group of 44, with 
respect to the covering { Uj}, having coefficients in the sheaf QM. The natural 
map 
is injective. As n > 1, the latter group is zero by Corollary 1; hence the I-cocycle 
is a coboundary, which means that there exist& E OM( Uj) such that hg =J1 -fi 
in Ui n Uj. Setting F = Fj -fj on Uj, we obtain a well defined global CR mero- 
morphic function on M having the desired principal parts. (The argument is 
the same for CR meromorphic distributions.) 
$6 THE SECOND BOUNDARY COUSIN PROBLEM 
Next we discuss the analogue on M of the second Cousin problem (Weierstrass 
problem). This means that we want to find a global CR meromorphic function 
on AI which has prescribed ‘poles’ and zeros. Let O&( U) denote the elements of 
c3~( U) which do not vanish at any point of U. 
Theorem 4. Assume that M is a weaklypseudoconvex boundary, which is minimal 
at each point, n > 1 and H2(M, Z) = 0. Given an open covering { Uj} of M and 
Fj E MM( Uj) (resp. Mh( Uj)), satisfying FilFj E O&( Ui n Uj) for a21 i, j, there 
exists F E MM(M) (resp. Mb(M)) such that F/Fj E c?&(Uj) on Uj. 
Let Fi/Fj = h, E 0&(Ui n U,); now we have the cocycle condition hqhjkhki = 1 
in Ui n Uj n uk, so {hq} represents an element in the first tech cohomology 
group of M, with respect to the covering { Uj}, having coefficients in the sheaf 
0;. AS above we need to show that H’(M, 0;) = { 1). Here 0; is the multi- 
plicative sheaf of germs of smooth never vanishing CR functions on M. From 
the short exact sequence of sheaves 
we obtain the long exact sequence 
. . . --+H’(M, (3$++H1(M, q++H2(M, z!+. . . 
The desired triviality of H’ (M, 0;) follows from Corollary 1 and our hypo- 
thesis. 
Hence the 1-cocycle is a coboundary, which means that there exist 
fj E O&( Uj) such that hq =J;:/h E Ui n Uj. Setting F = Fj/fj on Uj, we obtain a 
well defined global meromorphic function on M having the desired ‘poles’ and 
zeros. Another interpretation would be to say that the divisor given by the data 
in the second boundary Cousin problem corresponds to a smooth CR line 
bundle over M which is trivial. 
Remark. Suppose in Theorem 4 we prescribe only zeros, but no ‘poles’ (a pos- 
itive divisor). This means that hj E OM( Uj) for all j. Then we obtain a solution 
h E O&(M). But for IZ 2 1 it is well known [AH11 that such a global CR func- 
tion h on M has a smooth extension h to n, which is holomorphic in 0. Thus we 
are able to construct a global holomorphicfunction in fl that has assignedzeros on 
the boundary of R. This holds true for any weakly pseudoconvex boundary: we 
don’t need in this case the assumption of minimality. 
Application 
Let M be a weakly pseudoconvex boundary, n > 1 and H2 (M, Z) = 0. Consider 
a smooth compact CR submanifold S in A4, of type (FZ - l,l). This means that 
S has real codimension 2 in M and is transversal to the Levi distribution on M. 
Assume that S has local smooth CR defining functions. Then S has a global 
smooth defining function, which is CR on all of M. Indeed: By hypothesis on S 
there exists a covering of S by open sets wj in M, j = 1, . . . , N, such that 
S n wj = {X E wj 1 hj(x) = 0}, with hj E (3iM(wj) and dhj # 0 on wj. Set 
wo=M\S and ho E 1 E C?M(WO). We may then assume that 
hi/hi E Ok(wi n wj) f or i, j = 0, 1, . . . , N. According to the above remark, there 
exists a global smooth CR function h on M which is a defining function for S. 
$7 THE STRONG BOUNDARY POINCARh PROBLEM 
By the strong Poincare problem on M we mean the following: Given a CR 
meromorphic function on M, we want to write it as the quotient of two global 
CR functions on M, which are coprime at each point. In order to formulate this 
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question we need to pass to the real analytic category. Hence in this section, we 
will assume that A4 is real analytic. So now we denote by AM(U) the ring of real 
analytic CR functions in U, and by AJUM( U) the corresponding quotient ring, 
as before. In this way we obtain the sheaf of germs AMM of CR meromorphic 
functions on M, in the real analytic category. For a point x0 on M we denote by 
~~~~~ the stalk at x0 in the sheaf AM of germs of real analytic CR functions on 
M. By the Cauchy-Kowalewski theorem, we have that AM,~~ N 0,. Hence 
AM,~~ is a unique factorization domain, since 0, is one. Hence the notion of 
being coprime at x0 makes sense. 
Theorem 5. Assume that M is a real analytic weaklypseudoconvex boundary, and 
that H2(Q,Z) = 0. Let F E AMM(M) b e a CR meromorphic function on M. 
Then F = $$, where G, H E AM(M) are real analytic CRfunctions on M, coprime 
at each point. 
By definition F is locally the quotient of real analytic CR functions on M. It 
then follows from the Cauchy-Kowalewski theorem that F extends to a mero- 
morphic function on an open collar neighborhood V of M, that we still denote 
by the same letter F. 
According to a theorem of [KS], F can be written as a quotient Gl/Hl with 
Gi and HI holomorphic on I’, but not necessarily coprime. This is because the 
envelope of meromorphy of V is Stein, and the weak Poincare problem is sol- 
vable on a Stein manifold. Since X is Stein, Gi and HI extend holomorphically 
to VU a. Hence the mermorphic function on V extends to a meromorphic 
function on I’ U ti, which we still denote by F. By [DF], ?? has a fundamental 
system of open Stein neighborhoods in X. Let 0, be a Stein neighborhood of Q, 
chosen sufficiently small, so that Qi c Q U V and H2(6$, Z) = 0. It is however 
a classical result that the strong Poincare problem has a solution in Qi. Thus 
there exist holomorphic functions G and H in RI, which are coprime at each 
point, whose quotient represents F. It suffices to take the restrictions of G and 
HtoM. 
Remarks. 
1. Note that the above proof yields more than is stated in the theorem; namely, 
G and H are holomorphic and coprime at each point of ??. 
2. If we drop the requirement that G and H be coprime at each point, we 
obtain what is known as the weak Poincare problem on M. This easier problem 
is always solvable, in the real analytic category, for a real analytic M which is 
the boundary of an R in a Stein manifold, even if we drop the requirements that 
M be weakly pseudoconvex, and the topological condition on 0. 
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